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Abstract
Let (X, L) be a polarized manifold of dimension n defined over the field of complex numbers. In this paper, we treat the
case where n = 3 and 4. First we study the case of n = 3 and we give an explicit lower bound for h0(KX + L) if κ(X) ≥ 0.
Moreover, we show the following: if κ(KX + L) ≥ 0, then h0(KX + L) > 0 unless κ(X) = −∞ and h1(OX ) = 0. This gives
us a partial answer of Effective Non-vanishing Conjecture for polarized 3-folds. Next for n = 4 we investigate the dimension
of H0(KX + mL) for m ≥ 2. If n = 4 and κ(X) ≥ 0, then a lower bound for h0(KX + mL) is obtained. We also consider a
conjecture of Beltrametti–Sommese for 4-folds and we can prove that this conjecture is true unless κ(X) = −∞ and h1(OX ) = 0.
Furthermore we prove the following: if (X, L) is a polarized 4-fold with κ(X) ≥ 0 and h1(OX ) > 0, then h0(KX + L) > 0.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let X be a projective variety of dimension n defined over the field of complex numbers, and let L be an ample
line bundle on X . Then (X, L) is called a polarized variety. If X is smooth, then we say that (X, L) is a polarized
manifold.
When X is smooth, adjoint bundles KX + mL of (X, L) play an important role for investigating this (X, L) (for
example, see [3, Chapter 7,9, and 11]), where KX is the canonical line bundle of X . In particular, it is important to get
an explicit lower bound for h0(KX + mL).
The motivation of this research is to investigate a conjecture of Beltrametti–Sommese. In [3, Conjecture 7.2.7],
Beltrametti and Sommese gave the following conjecture.
Conjecture 1 (Beltrametti–Sommese). Let (X, L) be an n-dimensional polarized manifold with n ≥ 3. Assume that
KX + (n − 1)L is nef. Then h0(KX + (n − 1)L) > 0.
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For this conjecture, the following results have been obtained.
(1.a) In [25, Theorem 4.1] and [9, Theorem 3.5], it was proved that Conjecture 1 is true if dimBs|L| ≤ 0, where
Bs|L| is the base locus of the complete linear system |L|.
(1.b) In [16] we investigated Conjecture 1, and we proved that Conjecture 1 is true for n = 3 and we gave an explicit
lower bound for h0(KX + 2L). Moreover we obtained a lower bound for h0(KX + mL) for m ≥ 3. We also
obtained a classification of (X, L) such that KX + 2L is nef and h0(KX + 2L) = 1.
Furthermore there is the following conjecture [1, Section 4], [21, Conjecture 2.1].
Conjecture 2 (Ambro). Let X be a complex normal variety, B an effective R-divisor on X such that the pair (X, B)
is KLT, and D a Cartier divisor on X. Assume that D is nef, and that D− (KX + B) is nef and big. Then h0(D) > 0.
For Conjecture 2, the following results have been obtained.
(2.a) If dim X = 2, then Conjecture 2 is true (see [21, Theorem 3.1]).
(2.b) Let X be a 3-dimensional projective variety with at most canonical singularities such that KX is nef, and let D
be a Cartier divisor such that D − KX is nef and big. Then h0(D) > 0 (see [21, Proposition 4.1]).
(2.c) Let X be a 4-dimensional projective variety with at most Gorenstein canonical singularities. Assume that
D ∼ −KX is ample. Then h0(D) > 0 (see [21, Theorem 5.2]).
(2.d) Let X be a smooth projective variety of dimension 3 with h1(OX ) > 0, and L a nef and big Cartier divisor on
X such that KX + L is nef. Then h0(KX + L) > 0 (see [5, Theorem 4.2]).
In [4], J.A. Chen, M. Chen and Zhang proposed another effective nonvanishing problem.
In this paper, we consider the positivity of h0(KX + mL) when X is smooth with dim X = 3 or 4. As corollaries,
we can give a partial answer for Conjectures 1 and 2 when X is smooth. Here we use a method similar to that in [16],
that is, we use properties of the sectional geometric genus and the sectional H -arithmetic genus of (X, L). The method
of this paper seems to be very useful because not only can we prove that h0(KX + mL) > 0 but also we can classify
(X, L) by the value of h0(KX + mL).
Here we explain the i th sectional geometric genus (or the i th sectional H -arithmetic genus) of (X, L). In [10], in
order to study polarized varieties more deeply, the author introduced the notion of the i th sectional geometric genus
gi (X, L) of (X, L) for every integer i with 0 ≤ i ≤ n (see Definition 2.2 below). This is a generalization of the degree
Ln and the sectional genus g(L) of (X, L). Namely g0(X, L) = Ln and g1(X, L) = g(L).
Here we recall the reason why this invariant is called the i th sectional geometric genus. Let (X, L) be a polarized
manifold of dimension n ≥ 2 with Bs|L| = ∅. Let i be an integer with 1 ≤ i ≤ n. Let Xn−i be the transversal
intersection of general n− i members of |L|. In this case Xn−i is a smooth projective variety of dimension i . Then we
can prove that gi (X, L) = hi (OXn−i ), that is, gi (X, L) is the geometric genus of Xn−i .
Hence we can expect that gi (X, L) has analogous properties of the geometric genus of i-dimensional varieties.
In [12,15], we defined the i-th sectional H-arithmetic genus χHi (X, L) of (X, L) (see Definition 2.2 below). By
definition we can prove that if Bs|L| = ∅, then χHi (X, L) = χ(OXn−i ), where Xn−i is the transversal intersection of
general n − i members of |L|. Namely χHi (X, L) is the Euler–Poincare´ characteristic of the structure sheaf of Xn−i .
(We note that χ(OXn−i ) is called the arithmetic genus of Xn−i in the sense of Hirzebruch (see [18, 15.5 (13), Section
15, Chapter IV]). We also call χ(OXn−i ) the H -arithmetic genus of Xn−i .)
Hence we can also expect that χHi (X, L) has analogous properties of the H -arithmetic genus of i-dimensional
varieties. In particular, if i = 2, then we can expect that χH2 (X, L) has analogous properties of the H -arithmetic
genus of surfaces.
Let S be a smooth projective surface. Then Castelnuovo proved that χ(OS) ≥ 0 (resp.> 0) if κ(S) ≥ 0 (resp= 2).
In [12] or [15] we proposed a polarized version of this result.
Conjecture 3 (See [12, Section 3]). Let X be a smooth projective variety of dimension n ≥ 3, and let L be an ample
line bundle on X. Then
(1) χH2 (X, L) > 0 if κ(KX + (n − 2)L) ≥ 2.
(2) χH2 (X, L) ≥ 0 if 0 ≤ κ(KX + (n − 2)L) ≤ 1.
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Here we note that χH2 (X, L) > 0 is equivalent to g2(X, L) ≥ h1(OX ) (see Remark 2.1(5) below).
For Conjecture 3(2), we obtained the following more stronger result [15, Theorem 3.2.1]: Let X be a smooth
projective variety of dimension n ≥ 3, and let L be an ample line bundle on X . If 0 ≤ κ(KX + (n − 2)L) ≤ 1, then
χH2 (X, L) > 0.
Moreover Conjecture 3(1) is true if (X, L) is one of the following:
(3.a) The case where n = 3 (see [15, Theorem 3.3.1(2)]).
(3.b) The case where n ≥ 4 and κ(X) ≥ 0 (see [11, Corollary 3.5.2(1)] or [14, Theorem 2.3.2]).
In fact we use this result in order to investigate a lower bound for h0(KX + mL).
The contents of this paper are the following: In Section 2, we state some results which are used later. In Section 3,
first, for any polarized manifolds (X, L) with dim X ≥ 3 and κ(X) ≥ 0 we investigate a lower bound for
χH2 (X, L)− χH3 (X, L) (see Theorem 3.1). By using this lower bound, some results for dim X = 3 or 4 are obtained.
If dim X = 3 and κ(X) ≥ 0, then we get a lower bound for h0(KX + L) (see Theorem 3.2 below). We note that
in [5, Theorem 4.2] Chen and Hacon have obtained that h0(KX + L) > 0 if dim X = 3, h1(OX ) > 0 and KX + L
is nef. But in Theorem 3.2, we get an explicit lower bound for h0(KX + L) by using intersection numbers L3 and
KX L2 if κ(X) ≥ 0. We also note that in Theorem 3.2 we do NOT assume that KX + L is nef. Furthermore the
lower bound in Theorem 3.2 is important and useful because this makes us possible to classify (X, L) by the value of
h0(KX + L). In this paper, we study (X, L) with dim X = 3, κ(X) ≥ 0 and h0(KX + L) = 1 (see Proposition 3.1 and
Example 3.1). And we can also show that h0(KX + L) > 0 unless κ(X) = −∞ and h1(OX ) = 0 if κ(KX + L) ≥ 0
(see Theorem 3.3). This gives us a partial answer of Conjecture 2 (see Corollary 3.1).
For dim X = 4, we get an explicit lower bound for h0(KX + mL) under the assumption that κ(X) ≥ 0 and m ≥ 2
(see Theorem 3.4). Moreover we prove that h0(KX+mL) > 0 for every integerm withm ≥ 2 unless κ(X) = −∞ and
h1(OX ) = 0 if κ(KX+mL) ≥ 0 (see Theorem 3.6), which gives us a partial answer of Conjecture 1 (see Corollary 3.3
below). We also prove that h0(KX + L) > 0 if (X, L) is a polarized 4-fold with κ(X) ≥ 0 and h1(OX ) > 0 (see
Theorem 3.7).
Notation and conventions
We say that X is a variety if X is an integral separated scheme of finite type. In particular X is irreducible and
reduced if X is a variety. Varieties are always assumed to be defined over the field of complex numbers. In this
article, we shall study mainly a smooth projective variety. The words “line bundles” and “Cartier divisors” are used
interchangeably. The tensor products of line bundles are denoted additively.
O(D): invertible sheaf associated with a Cartier divisor D on X .
OX : the structure sheaf of X .
χ(F): the Euler–Poincare´ characteristic of a coherent sheaf F .
hi (F) := dim H i (X,F) for a coherent sheaf F on X .
hi (D) := hi (O(D)) for a Cartier divisor D.
q(X) := h1(OX ): the irregularity of X .
|D|: the complete linear system associated with a divisor D.
KX : the canonical divisor of X .
κ(D): the Iitaka dimension of a Cartier divisor D on X .
κ(X): the Kodaira dimension of X .
Pn : the projective space of dimension n.
Qn : a hyperquadric surface in Pn+1.
∼ (or =): linear equivalence.
≡: numerical equivalence.
For a real number m and a non-negative integer n, let
[m]n :=
{
m(m + 1) · · · (m + n − 1) if n ≥ 1,
1 if n = 0,
[m]n :=
{
m(m − 1) · · · (m − n + 1) if n ≥ 1,
1 if n = 0.
Then for n fixed, [m]n and [m]n are polynomials in m whose degree are n.
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For any non-negative integer n,
n! :=
{[n]n if n ≥ 1,
1 if n = 0.
Assume that m and n are integers with n ≥ 0. Then we put(m
n
)
:= [m]n
n! .
We note that
(m
n
) = 0 if m and n are integers with 0 ≤ m < n, and (m0 ) = 1.
2. Preliminaries
Definition 2.1. Let X be a projective variety of dimension n. Then χ(OX ) is called the arithmetic genus in the sense
of Hirzebruch (see [18, 15.5(13), Section 15, Chapter IV]). We also call this χ(OX ) the H-arithmetic genus of X .
Notation 2.1. Let X be a projective variety of dimension n and let L be a line bundle on X . Then we put
χ(t L) =
n∑
j=0
χ j (X, L)
[t] j
j ! .
Definition 2.2 ([10, Definition 2.1] and [15, Definition 2.1]). Let X be a projective variety of dimension n and let L
be a line bundle on X .
(1) For every integer i with 0 ≤ i ≤ n, the i th sectional geometric genus gi (X, L) of (X, L) is defined by the
following:
gi (X, L) := (−1)i (χn−i (X, L)− χ(OX ))+
n−i∑
j=0
(−1)n−i− jhn− j (OX ).
(2) For every integer i with 0 ≤ i ≤ n, the i th sectional H-arithmetic genus χHi (X, L) of (X, L) is defined by the
following:
χHi (X, L) := χn−i (X, L).
Remark 2.1. (1) Since χn−i (X, L) ∈ Z, χHi (X, L) and gi (X, L) are integers by definition.
(2) If i = dim X = n, then gn(X, L) = hn(OX ) and χHn (X, L) = χ(OX ).
(3) If i = 0, then g0(X, L) = Ln and χH0 (X, L) = Ln .
(4) If i = 1, then g1(X, L) = g(L), where g(L) is the sectional genus of (X, L).
(5) In general for every integer i with 1 ≤ i ≤ n we get
χHi (X, L) = 1− h1(OX )+ · · · + (−1)i−1hi−1(OX )+ (−1)igi (X, L).
Definition 2.3. A line bundle L on a variety V is said to be k-big if κ(L) ≥ dim V − k. Here we note the following:
(a) L is big if and only if L is 0-big.
(b) If L is k-big, then L is (k + 1)-big.
Theorem 2.1. Let X be a smooth projective variety of dimension n ≥ 3, and let H1, . . . , Hn−2 be ample Cartier
divisors on X. Let B be an ample Q-Cartier divisor on X, and let E be a vector bundle of rank r on X such that E is
generically B-semipositive and c1(E)+ r B is nef and (n − 2)-big, where B := {H1, . . . , Hn−2}. Then
c2(E)H1 · · · Hn−2 ≥ −(r − 1)c1(E)BH1 · · · Hn−2 −
(r
2
)
B2H1 · · · Hn−2.
Proof. See [14, Theorem 2.1]. 
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Theorem 2.2. Let X be a smooth projective variety of dimension n ≥ 3, and let H1, . . . , Hn−2 be ample Cartier
divisors on X. Assume that X is not uniruled. Then Ω1X is generically B-semipositive, where B := {H1, . . . , Hn−2}.
Proof. See [22, Corollary 6.4]. 
Theorem 2.3. Let (X, L) be a polarized manifold of dimension n. Then for every integer i with 0 ≤ i ≤ n − 1
gi (X, L) =
n−i−1∑
j=0
(−1) j
(
n − i
j
)
h0(KX + (n − i − j)L)+
n−i∑
k=0
(−1)n−i−khn−k(OX ).
Proof. See [10, Theorem 2.3]. 
Proposition 2.1. Let (X, L) be a polarized manifold of dimension n ≥ 3. Then
g2(X, L) = (n − 2)(3n − 5)24 L
n + n − 2
4
KX Ln−1 + 112 (K
2
X + c2(X))Ln−2 − 1+ h1(OX )
and
g3(X, L) = (n − 2)(n − 3)
2
48
Ln + (n − 3)(3n − 8)
48
KX Ln−1
+ n − 3
24
(K 2X + c2(X))Ln−2 +
1
24
KXc2(X)Ln−3 + 1− h1(OX )+ h2(OX ).
Proof. See [13, (2.2.A) and (2.2.B)]. 
Proposition 2.2. Let (X, L) be a polarized manifold of dimension n ≥ 3. Then
χH2 (X, L) =
(n − 2)(3n − 5)
24
Ln + n − 2
4
KX Ln−1 + 112 (K
2
X + c2(X))Ln−2
and
χH3 (X, L) = −
(n − 2)(n − 3)2
48
Ln − (n − 3)(3n − 8)
48
KX Ln−1
− n − 3
24
(K 2X + c2(X))Ln−2 −
1
24
KXc2(X)Ln−3.
Proof. Since χH2 (X, L) = 1− h1(OX )+ g2(X, L) and χH3 (X, L) = 1− h1(OX )+ h2(OX )− g3(X, L), we get the
assertion by Proposition 2.1. 
Definition 2.4. (1) Let X (resp. Y ) be an n-dimensional projective manifold, and let L (resp. A) be an ample line
bundle on X (resp. Y ). Then (X, L) is called a simple blowing up of (Y, A) if there exists a birational morphism
pi : X → Y such that pi is a blowing up at a point of Y and L = pi∗(A)−E , where E is the pi -exceptional reduced
divisor.
(2) Let X (resp. X ′) be an n-dimensional projective manifold, and let L (resp. L ′) be an ample line bundle on X (resp.
X ′). Then we say that (X ′, L ′) is a reduction of (X, L) if (X, L) is obtained by a composite of simple blowing
ups of (X ′, L ′), and (X ′, L ′) is not obtained by a simple blowing up of any polarized manifold. The morphism
µ : X → X ′ is called the reduction map.
Remark 2.2. (1) Let (X, L) be a polarized manifold of dimension n and (X ′, L ′) a reduction of (X, L). Then we
obtain gi (X, L) = gi (X ′, L ′) and χHi (X, L) = χHi (X ′, L ′) for any integer i with 1 ≤ i ≤ n (see [10,
Proposition 2.6] and [15, Remark 2.1 (5)]).
(2) Let (X, L) be a polarized manifold. If (X, L) is not obtained by a simple blowing up of another polarized manifold,
then (X, L) is a reduction of itself.
(3) For any polarized manifold (X, L), there exists a reduction of (X, L). (See [7, (11.11), Chapter II].)
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Theorem 2.4. Let (X, L) be a polarized manifold of dimension n ≥ 3. Then (X, L) is one of the following types:
(1) (Pn,OPn (1)).
(2) (Qn,OQn (1)).
(3) A scroll over a smooth curve.
(4) KX ∼ −(n − 1)L, that is, (X, L) is a Del Pezzo manifold.
(5) A quadric fibration over a smooth curve C.
(6) A scroll over a smooth surface S.
(7) Let (X ′, L ′) be a reduction of (X, L).
(7.1) n = 4, (X ′, L ′) = (P4,OP4(2)).
(7.2) n = 3, (X ′, L ′) = (Q3,OQ3(2)).
(7.3) n = 3, (X ′, L ′) = (P3,OP3(3)).
(7.4) n = 3, X ′ is a P2-bundle over a smooth curve C such that (F ′, L ′|F ′) ∼= (P2,OP2(2)) for any fiber F ′ of it.
(7.5) KX ′ ∼ −(n − 2)L ′, that is, (X ′, L ′) is a Mukai manifold.
(7.6) (X ′, L ′) is a Del Pezzo fibration over a smooth curve.
(7.7) (X ′, L ′) is a quadric fibration over a normal surface.
(7.8) n ≥ 4, and there exist a normal projective variety W with dimW = 3 and a fiber space Φ : X ′ → W such
that (F ′, L ′|F ′) ∼= (Pn−3,OPn−3(1)) for a general fiber F ′ of Φ.
(7.9) KX ′ + (n − 2)L ′ is nef and big.
Proof. See [3, Proposition 7.2.2, Theorems 7.2.4, 7.3.2, 7.3.4, and 7.5.3]. See also [7, Chapter II, (11.2), (11.7), and
(11.8)], or [20, Theorem]. 
Remark 2.3. Let (X, L) be a polarized manifold of dimension n ≥ 3 and let (Y, A) be a reduction of (X, L). Assume
that κ(X) ≥ 0. Then by Theorem 2.4 we see that KX + (n − 1)L is ample and KY + (n − 2)A is nef and big.
Theorem 2.5. Let (X, L) be a polarized manifold of dimension n ≥ 3. Assume that κ(X) ≥ 0. Then g2(X, L) ≥
h1(OX ).
Proof. See [11, Corollary 3.5.2(1)] or [14, Theorem 2.3.2]. 
Theorem 2.6. Let (X, L) be a polarized manifold of dimension n ≥ 3. For every integer m with 2 ≤ m, we get the
following equality:
h0(KX + mL)− h0(KX + (m − 1)L) =
n−1∑
s=0
(
m − 1
n − s − 1
)
gs(X, L)−
n−2∑
s=0
(
m − 2
n − s − 2
)
hs(OX ).
Proof. See [16, Theorem 2.1]. 
Theorem 2.7. Let (X, L) be a polarized manifold of dimension 3.
(1) If KX + 2L (resp. KX + 3L) is nef, then h0(KX + 2L) > 0 (resp. h0(KX + 3L) > 0).
(2) Let m be an integer with m ≥ 4. Then
h0(KX + mL) ≥
(
m − 1
3
)
> 0.
Proof. See [16, Theorems 2.4 and 2.5]. 
Corollary 2.1. Let (X, L) be a polarized manifold of dimension 3. Assume that κ(KX + mL) ≥ 0 for an integer m
with m ≥ 2. Then h0(KX + mL) > 0.
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Proof. First we consider the case where m = 2. If h0(KX + 2L) = 0, then KX + 2L is not nef by Theorem 2.7(1).
Hence by [3, Proposition 7.2.2 and Theorem 7.2.4], [7, (11.2) Theorem and (11.7) Theorem] or [20, Theorem] (X, L)
is (P3,OP3(1)), (Q3,OQ3(1)) or a scroll over a smooth curve. But in these cases, κ(KX + 2L) = −∞ and this
contradicts the assumption.
Next we consider the case where m = 3. If h0(KX + 3L) = 0, then KX + 3L is not nef by Theorem 2.7(1).
Hence by [3, Proposition 7.2.2], [7, (11.2) Theorem] or [20, Theorem] (X, L) is (P3,OP3(1)). But in this case,
κ(KX + 3L) = −∞ and this contradicts the assumption.
For every integer m with m ≥ 4, h0(KX + mL) > 0 by Theorem 2.7(2). Hence we get the assertion. 
Remark 2.4. If (X, L) is a polarized manifold of dimension 3, then KX +mL is always nef for every integer m with
m ≥ 4. Hence by the non-vanishing theorem [24] κ(KX + mL) ≥ 0 for every integer m with m ≥ 4.
Theorem 2.8. Let (X, L) be a polarized manifold of dimension n = 1 or 2. If κ(KX + mL) ≥ 0 for m ≥ 1, then
h0(KX + mL) > 0.
Proof. If n = 1, then by the Kodaira vanishing theorem and the Riemann–Roch theorem we have h0(KX + mL) =
m deg L + h1(OX )− 1.
If h1(OX ) > 0, then h0(KX + mL) > 0.
So we may assume that h1(OX ) = 0. Then by assumption 0 ≤ deg(KX + mL) = m deg L − 2. Hence
h0(KX + mL) = m deg L − 1 ≥ 1 and we get the assertion for n = 1.
If n = 2, then by the Kodaira vanishing theorem and the Riemann–Roch theorem we have
h0(KX + mL) = χ(OX )+ 12 (KX + mL)(mL)
= χ(OX )+ g1(X, L)+ m − 12 (KX + (m + 1)L)L − 1.
Here we note that g1(X, L) = 1+ (1/2)(KX + L)L , which is the sectional genus of (X, L) (see Remark 2.1(4)).
We also note that (KX + mL)L ≥ 0 by assumption.
If κ(X) ≥ 0, then χ(OX ) ≥ 0 and g1(X, L) ≥ 2. Hence
h0(KX + mL) = χ(OX )+ g1(X, L)+ m − 12 (KX + (m + 1)L)L − 1
= χ(OX )+ g1(X, L)− 1+ m − 12 (KX + mL)L +
m − 1
2
L2
> 0.
If κ(X) = −∞, then χ(OX ) = 1− h1(OX ) and by [8, Theorem 2.1] we have g1(X, L) ≥ h1(OX ). Hence
h0(KX + mL) = χ(OX )+ g1(X, L)+ m − 12 (KX + (m + 1)L)L − 1
≥ m − 1
2
(KX + (m + 1)L)L .
If m ≥ 2, then h0(KX + mL) > 0. So we assume that m = 1. Since L is ample, κ(X) = −∞ and κ(KX + L) ≥ 0
by assumption, we get g1(X, L) 6= h1(OX ) by [8, Theorem 3.1]. Therefore g1(X, L) ≥ h1(OX )+ 1 and
h0(KX + L) = χ(OX )+ g1(X, L)− 1
= g1(X, L)− h1(OX )
> 0.
This completes the proof. 
3. Main results
Theorem 3.1. Let (X, L) be a polarized n-fold with n ≥ 3. Assume that κ(X) ≥ 0. Let (M, A) be a reduction of
(X, L). Then
−χH3 (X, L)+ χH2 (X, L) ≥
(n − 1)(n − 2)(2n − 1)
24n
An + 2n − 3
24
KM An−1 > 0.
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Proof. By Proposition 2.2 we get
−χH3 (M, A)+ χH2 (M, A) =
(n − 2)(n2 − 1)
48
An + n(3n − 5)
48
KM An−1
+ n − 1
24
K 2M A
n−2 + 1
24
c2(M)(KM + (n − 1)A)An−3. (1)
By Remark 2.2(1), we obtain −χH3 (X, L) + χH2 (X, L) = −χH3 (M, A) + χH2 (M, A). Here we note that
KM+(n−1)A is ample and KM+(n−2)A is nef and big by Remark 2.3 and the assumption that κ(M) = κ(X) ≥ 0.
In Theorem 2.1, we put H1 := KM + (n − 1)A, H j := A for j = 2, . . . , n − 2, E := ΩM , and B := (n − 2)A/n.
Then by Theorems 2.1 and 2.2, for every integer t with t ≥ 1 we get
c2(M)(KM + (n − 1)A)An−3 ≥ −(n − 1)KM
(
n − 2
n
A
)
(KM + (n − 1)A)An−3
−
(n
2
)(n − 2
n
A
)2
(KM + (n − 1)A)An−3
= − (n − 1)(n − 2)
n
K 2M A
n−2 − (n − 1)(n − 2)(3n − 4)
2n
KM An−1
− (n − 1)
2(n − 2)2
2n
An .
Hence we obtain
−χH3 (X, L)+ χH2 (X, L) = −χH3 (M, A)+ χH2 (M, A)
≥ (n − 2)(n
2 − 1)
48
An + n(3n − 5)
48
KM An−1 + n − 124 K
2
M A
n−2
− 1
24
(
(n − 1)(n − 2)
n
K 2M A
n−2 + (n − 1)(n − 2)(3n − 4)
2n
KM An−1 + (n − 1)
2(n − 2)2
2n
An
)
= (n − 1)(n − 2)(2n − 1)
24n
An + n − 1
12n
KM (KM + (n − 2)A)An−2 + 2n − 324 KM A
n−1.
Therefore
−χH3 (X, L)+ χH2 (X, L) ≥
(n − 1)(n − 2)(2n − 1)
24n
An + 2n − 3
24
KM An−1 > 0
because n ≥ 3, KM + (n − 2)A is nef, and κ(M) = κ(X) ≥ 0. Hence we get the assertion. 
First we study the case where dim X = 3 by using Theorem 3.1.
Remark 3.1. Let (X, L) be a polarized manifold of dimension 3. Then by Theorem 2.3 and Remark 2.1(2) and (5),
we get
h0(KX + L) = g2(X, L)− h2(OX )+ h3(OX )
= χH2 (X, L)− χ(OX )
= χH2 (X, L)− χH3 (X, L).
Theorem 3.2. Let (X, L) be a polarized manifold of dimension 3. Let (M, A) be a reduction of (X, L). Assume that
κ(X) ≥ 0. Then
h0(KX + L) ≥ 536 A
3 + 1
8
KM A2 > 0.
Proof. By Remark 3.1 we have
h0(KX + L) = χH2 (X, L)− χH3 (X, L).
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By Theorem 3.1, we have
χH2 (X, L)− χH3 (X, L) ≥
5
36
A3 + 1
8
KM A2 > 0.
Therefore we get the assertion. 
Remark 3.2. Let (X, L) be a polarized manifold of dimension 3. If κ(X) ≥ 0, then by Theorem 3.2 we get
h0(KX + L) > 0 without the assumption that KX + L is nef.
Proposition 3.1. Let (X, L) be a polarized manifold of dimension 3. Let (M, A) be a reduction of (X, L). Assume
that κ(X) ≥ 0. If h0(KX + L) = 1, then 1 ≤ A3 ≤ 6. Furthermore if A3 = 6, then KM ≡ 0.
Proof. By Theorem 3.2 and κ(X) = κ(M) ≥ 0, we get 1 ≤ A3 ≤ 7.
If A3 = 7, then KM A2 = 0. Because A is ample and κ(M) ≥ 0, we have KM ≡ 0. In particular KM is nef.
Hence by a Miyaoka’s result [22, Theorem 6.6] we have c2(M)(KM + 2A) ≥ 0 because KM + 2A is ample. Hence
by Remark 3.1 and (1) in the proof of Theorem 3.1
h0(KX + L) = χH2 (X, L)− χH3 (X, L)
≥ 1
6
A3 > 1.
This contradicts the assumption. Therefore A3 ≤ 6.
Assume that A3 = 6 and KM A2 > 0. Then KM A2 ≥ 2 because KM A2 is even. Hence
h0(KX + L) = χH2 (X, L)− χH3 (X, L)
≥ 5
36
A3 + 1
8
KM A2
≥ 13
12
> 1.
Therefore if A3 = 6, then KM A2 = 0. By the same argument as above, we get KM ≡ 0. 
Example 3.1. Here we give an example of a polarized 3-fold (X, L) such that (X, L) is a reduction of itself, κ(X) ≥ 0
and h0(KX + L) = 1.
(1) Let C be a smooth elliptic curve, and A an ample line bundle of deg A = 1 on C . We set X := C × C × C and
L := p∗1(A) + p∗2(A) + p∗3(A), where pi : X → C is the i th projection for i = 1, 2, 3. Then this (X, L) is a
reduction of itself because KX + 2L is ample. Moreover L3 = 6 and h0(KX + L) = 1. In general if (X, L) is a
principally polarized Abelian 3-fold, then (X, L) is a reduction of itself, h0(KX + L) = 1, and L3 = 6.
(2) Let (S, A1) be a polarized surface such that S is minimal, g(A1) = 2, q(S) = 1, h0(KS) = 0, and (A1)2 = 1. This
(S, A1) exists (see [23, Theorems 2.1, 2.2 and Example 2.6]). Then h0(KS + A1) = 1. Let (E, A2) be a polarized
curve such that g(E) = 1 and deg A2 = 1. Then h0(KE+A2) = 1. We set X := S×E and L := p∗1(A1)+ p∗2(A2),
where pi is the i th projection for i = 1 or 2. Then (X, L) is a reduction of itself, h0(KX + L) = 1, and L3 = 3.
(3) In [2, Theorem 1.1], Beauville gave an example of a polarized Calabi–Yau 3-fold (X, L) such that h0(L) = 1 and
L3 = 2. Namely there exists an example of (X, L) such that dim X = 3, κ(X) ≥ 0, (X, L) is a reduction of itself,
h0(KX + L) = 1 and L3 = 2. For details, see [2, Theorem 1.1].
(4) Let P4 be the projective space of dimension 4 and let (ξ0 : ξ1 : ξ2 : ξ3 : ξ4) be the homogeneous coordinate of it.
Let ρ := exp(2pi√−1/5) and we set G := 〈ρ〉. Then we define an action of G on P4 as follows:
ρa · (ξ0 : ξ1 : ξ2 : ξ3 : ξ4) := (ξ0 : ρaξ1 : ρ2aξ2 : ρ3aξ3 : ρ4aξ4).
We set
Y :=
{
(ξ0 : ξ1 : ξ2 : ξ3 : ξ4) ∈ P4
∣∣∣∣∣ 4∑
i=0
ξi
5 = 0
}
.
Then Y ∈ |OP4(5)|, Y is smooth, G acts on Y , and G is fixed point free. Hence X := Y/G is smooth, dim X = 3
and pi : Y → X is an etale covering of degree 5. Here we note that χ(OY ) = 0. Since pi is etale, we have
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χ(OX ) = χ(OY )/ degpi = 0. We also note that hi (OX ) = 0 for i = 1, 2 because hi (pi∗(OY )) = hi (OY ) = 0
for i = 1, 2 and pi∗(OY ) = OX ⊕ E for some vector bundle E on X . Hence h0(KX ) = h3(OX ) = h0(OX ) = 1.
On the other hand since OY = KY = pi∗(KX ), we see that KX ≡ 0. Hence we get KX = OX . Here we take a
hyperplane
H := {(ξ0 : ξ1 : ξ2 : ξ3 : ξ4) ∈ P4|ξ0 = 0}.
Then H ∈ |OP4(1)|. Let A := H ∩ Y . Then G acts on A freely and we set L := A/G. Then A (resp. L) is a
divisor on Y (resp. X ) such that L is ample and A = pi∗(L). We note that A3 = 5 and therefore L3 = 1 because
degpi = 5. Since pi is an etale covering, we get
χ(A) = (degpi)χ(L) = 5χ(L).
We note that ht (A) = 0 for any t with 1 ≤ t ≤ 3. Hence we have ht (L) = 0 for any t with 1 ≤ t ≤ 3
because ht (pi∗(A)) = ht (A) and pi∗(A) = pi∗(pi∗L) = L ⊕ (E ⊗ L). Therefore we obtain χ(A) = h0(A) and
χ(L) = h0(L). Hence h0(A) = 5h0(L). On the other hand since h0(A) = 5, we have h0(L) = 1. This (X, L) is
an example with h0(KX + L) = h0(L) = 1 and L3 = 1. Here we note that this (X, L) is a reduction of itself.
Problem 3.1. Find an example of (X, L) such that dim X = 3, κ(X) ≥ 0, (X, L) is a reduction of itself,
h0(KX + L) = 1 and L3 = 4 or 5.
Theorem 3.3. Let (X, L) be a polarized 3-fold. Assume that κ(KX + L) ≥ 0. Then h0(KX + L) > 0 unless
κ(X) = −∞ and h1(OX ) = 0.
Proof. If κ(X) ≥ 0, then h0(KX + L) > 0 by Theorem 3.2.
So we may assume that κ(X) = −∞. If h1(OX ) > 0, then X has the Albanese map α : X → A such that
dimα(X) = 1, 2 or 3, where A is its Albanese variety. Then by [17, Corollary 10.7, Chapter III, Section 10], a general
fiber Fα of α is the following type:
Fα =
r⋃
j=1
F j ,
where F j is a smooth subvariety for every integer j with 1 ≤ j ≤ r , dim Fk = dim Fl and Fk ∩ Fl = ∅ for any k 6= l.
Here we note that if κ(KX + mL) ≥ 0, then κ(KF j + mLF j ) ≥ 0 for every integer j with 1 ≤ j ≤ r . We also note
that 0 ≤ dim F j ≤ 2 for every j .
If dim F j = 0, then h0(KF j + mLF j ) > 0 for every integer j and m with 1 ≤ j ≤ r and m ≥ 1.
If dim F j = 1 or 2, then by Theorem 2.8 we have h0(KF j + mLF j ) > 0 for every integer j and m with 1 ≤ j ≤ r
and m ≥ 1. Hence by [5, Lemma 4.1], we get h0(KX + mL) > 0. Therefore we get the assertion. 
We note that if KX + L is nef, then by the non-vanishing theorem [24] we get κ(KX + L) ≥ 0. Hence we get the
following by Theorem 3.3:
Corollary 3.1. Let (X, L) be a polarized 3-fold. Assume that KX+L is nef. Then h0(KX+L) > 0 unless κ(X) = −∞
and h1(OX ) = 0.
Remark 3.3. As we said in the introduction, Chen and Hacon [5, Theorem 4.2] proved that h0(KX + L) > 0 if
dim X = 3, KX + L is nef, and h1(OX ) > 0. So the essential part of Corollary 3.1 is the case when κ(X) ≥ 0 and
h1(OX ) = 0.
Next we investigate the case where dim X = 4.
Theorem 3.4. Let (X, L) be a polarized 4-fold. Assume that κ(X) ≥ 0. Then for every integer m with m ≥ 2,
h0(KX + mL) ≥
(
m + 2
4
)
> 0.
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Proof. By Theorem 2.6, for every integer m with m ≥ 2
h0(KX + mL)− h0(KX + (m − 1)L) =
3∑
s=0
(
m − 1
3− s
)
gs(X, L)−
2∑
s=0
(
m − 2
2− s
)
hs(OX )
=
(
m − 1
3
)
L4 +
(
m − 1
2
)
g1(X, L)+ (m − 1)g2(X, L)+ g3(X, L)
−
(
m − 2
2
)
− (m − 2)h1(OX )− h2(OX )
=
(
−χH3 (X, L)+ χH2 (X, L)
)
+ (m − 2)χH2 (X, L)
+
(
m − 1
3
)
L4 +
(
m − 1
2
)
g1(X, L)− (m − 2)−
(
m − 2
2
)
.
Hence
h0(KX + mL) = h0(KX + L)+ (m − 1)
(
−χH3 (X, L)+ χH2 (X, L)
)
+
m∑
k=2
(k − 2)χH2 (X, L)
+
m∑
k=2
(
k − 1
3
)
L4 +
m∑
k=2
(
k − 1
2
)
g1(X, L)−
m∑
k=2
(k − 2)−
m∑
k=2
(
k − 2
2
)
= h0(KX + L)+ (m − 1)
(
−χH3 (X, L)+ χH2 (X, L)
)
+
(
m − 1
2
)
χH2 (X, L)
+
(m
4
)
L4 +
(m
3
)
g1(X, L)−
(
m − 1
2
)
−
(
m − 1
3
)
.
Theorem 2.5 and Remark 2.1(5) show that χH2 (X, L) ≥ 1 because κ(X) ≥ 0. Moreover by [6, (1.10) Theorem]
and [7, (12.1) Theorem and (12.3) Theorem] or [20, Corollaries 8 and 9], we have g1(X, L) ≥ 3 since κ(X) ≥ 0.
Hence by Theorem 3.1, we have
h0(KX + mL) ≥ (m − 1)+
(
m − 1
2
)
+
(m
4
)
+ 3
(m
3
)
−
(
m − 1
2
)
−
(
m − 1
3
)
=
(m
4
)
+ 2
(m
3
)
+
(
m − 1
2
)
+ (m − 1)
=
(
m + 2
4
)
.
This completes the proof. 
By the following theorem, we see that [9, Conjecture 3.8] is true if κ(X) ≥ 0 and dim X = 4.
Theorem 3.5. Let (X, L) be a polarized manifold of dimension 4 with κ(X) ≥ 0. Then h0(KX +3L) ≥ g1(X, L)+2.
Proof. By using Theorem 2.6 we get
h0(KX + 3L) = h0(KX + L)+ 2(−χH3 (X, L)+ χH2 (X, L))+ g2(X, L)+ g1(X, L)− h1(OX ).
On the other hand, by Theorem 3.1 (resp. Theorem 2.5), −χH3 (X, L) + χH2 (X, L) > 0 (resp. g2(X, L) ≥ h1(OX ))
holds. Therefore
h0(KX + 3L) ≥ g1(X, L)+ 2.
This completes the proof. 
Theorem 3.6. Let (X, L) be a polarized 4-fold and let m be an integer with m ≥ 2. Assume that κ(KX + mL) ≥ 0.
Then h0(KX + mL) > 0 unless κ(X) = −∞ and h1(OX ) = 0.
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Proof. By using Corollary 2.1, Theorems 2.8 and 3.4, we can prove this theorem by the same argument as the proof
of Theorem 3.3. 
We note that if KX + mL is nef, then by the non-vanishing theorem [24] we get κ(KX + mL) ≥ 0. Hence we get
the following by Theorem 3.6:
Corollary 3.2. Let (X, L) be a polarized 4-fold and let m be an integer with m ≥ 2. Assume that KX + mL is nef.
Then h0(KX + mL) > 0 unless κ(X) = −∞ and h1(OX ) = 0.
Corollary 3.2 includes that the Beltrametti–Sommese conjecture (see Conjecture 1 in the introduction) is true unless
κ(X) = −∞ and h1(OX ) = 0. Namely
Corollary 3.3. Let (X, L) be a polarized 4-fold. Assume that KX + 3L is nef. Then h0(KX + 3L) > 0 unless
κ(X) = −∞ and h1(OX ) = 0.
Furthermore we can prove the following:
Theorem 3.7. Let (X, L) be a polarized manifold of dimension 4. Assume that κ(X) ≥ 0 and h1(OX ) > 0. Then
h0(KX + L) > 0.
Proof. Let α : X → A be the Albanese map of X , where A is its Albanese variety. We put Y := α(X). Then
1 ≤ dim Y ≤ 4 and by [17, Corollary 10.7, Chapter III, Section 10], a general fiber Fα of α is the following type:
Fα =
r⋃
j=1
F j ,
where F j is a smooth subvariety for every integer j with 1 ≤ j ≤ r , dim Fk = dim Fl and Fk ∩ Fl = ∅ for any k 6= l.
Hence
h0(KFα + LFα ) =
r∑
j=1
h0(KF j + LF j ).
Claim 3.1. h0(KF j + LF j ) > 0 for every j .
Proof. Here we note that κ(F j ) ≥ 0 by [19, Theorem 4] because κ(X) ≥ 0.
(a) If dim Y = 4, then dim F j = 0 and h0(KF j + LF j ) > 0 for every j .
(b) Next we consider the case where dim Y = 3 (resp. 2). Then dim F j = 1 (resp. 2). Since κ(F j ) ≥ 0 for every j ,
we see that κ(KF j + LF j ) ≥ 0. Hence by Theorem 2.8, we have h0(KF j + LF j ) > 0 for every j .
(c) If dim Y = 1, then dim F j = 3. Since κ(F j ) ≥ 0, we see that h0(KF j + LF j ) > 0 for every j by Theorem 3.2.
Therefore we get the assertion of Claim 3.1. 
By Claim 3.1 we have h0(KFα + LFα ) > 0. Hence by [5, Lemma 4.1], we obtain h0(KX + L) > 0. 
Remark 3.4. In Theorem 3.7, we do NOT assume that KX + L is nef.
Finally we propose the following problem:
Problem 3.2. For any fixed positive integer n, determine the smallest positive integer p, which depends only on n,
such that the following (∗) is satisfied:
(∗) h0(p(KX + L)) > 0 for any polarized manifold (X, L) of dimension n with κ(KX + L) ≥ 0.
Remark 3.5. By Theorem 2.8, we see that p = 1 if X is a curve or surface.
Y. Fukuma / Journal of Pure and Applied Algebra 211 (2007) 609–621 621
Acknowledgement
The author would like to thank the referee for pointing out some typos and giving some comments about
Problem 3.2.
References
[1] F. Ambro, Ladders on Fano varieties, in: Algebraic Geometry, 9, J. Math. Sci. 94 (1999) 1126–1135.
[2] A. Beauville, A Calabi–Yau threefold with non-Abelian fundamental group, in: New Trends in Algebraic Geometry, in: London Math. Soc.
Lecture Note Ser., vol. 264, 1999, pp. 13–17.
[3] M.C. Beltrametti, A.J. Sommese, The adjunction theory of complex projective varieties, in: de Gruyter Expositions in Math., vol. 16, Walter
de Gruyter, Berlin, New York, 1995.
[4] J.A. Chen, M. Chen, D.-Q. Zhang, A nonvanishing theorem for Q-divisors. math.AG/0504314, 2005.
[5] J.A. Chen, C.D. Hacon, Linear series of irregular varieties, in: Algebraic Geometry in East Asia (Kyoto 2001), World Scientific, River Edge,
NJ, 2002, pp. 143–153.
[6] T. Fujita, Classification of polarized manifolds of sectional genus two, in: The Proceedings of “Algebraic Geometry and Commutative
Algebra” in Honor of Masayoshi Nagata, 1987, pp. 73–98.
[7] T. Fujita, Classification theories of polarized varieties, London Math. Soc. Lecture Note Ser. 155 (1990).
[8] Y. Fukuma, A lower bound for the sectional genus of quasi-polarized surfaces, Geom. Dedicata 64 (1997) 229–251.
[9] Y. Fukuma, On the nonemptiness of the linear system of polarized manifolds, Canad. Math. Bull. 41 (1998) 267–278.
[10] Y. Fukuma, On the sectional geometric genus of quasi-polarized varieties, I, Comm. Algebra 32 (2004) 1069–1100.
[11] Y. Fukuma, On the second sectional geometric genus of quasi-polarized manifolds, Adv. Geom. 4 (2004) 215–239.
[12] Y. Fukuma, Problems on the second sectional invariants of polarized manifolds, Mem. Fac. Sci. Kochi Univ. Ser. A Math. 25 (2004) 55–64.
[13] Y. Fukuma, A formula for the sectional geometric genus of quasi-polarized manifolds by using intersection numbers, J. Pure Appl. Algebra
194 (2004) 113–126.
[14] Y. Fukuma, A lower bound for the second sectional geometric genus of polarized manifolds, Adv. Geom. 5 (2005) 431–454.
[15] Y. Fukuma, On the second sectional H -arithmetic genus of polarized manifolds, Math. Z. 250 (2005) 573–597.
[16] Y. Fukuma, On a conjecture of Beltrametti–Sommese for polarized 3-folds, Internat. J. Math. 17 (2006) 761–789.
[17] R. Hartshorne, Algebraic Geometry, in: Graduate Texts in Math., vol. 52, Springer-Verlag, New York, 1977.
[18] F. Hirzebruch, Topological methods in algebraic geometry, in: Grundlehren der mathematischen Wissenschaften, vol. 131, Springer-Verlag,
1966.
[19] S. Iitaka, On D-dimensions of algebraic varieties, J. Math. Soc. Japan 23 (1971) 356–373.
[20] P. Ionescu, Generalized adjunction and applications, Math. Proc. Cambridge Philos. Soc. 99 (1986) 457–472.
[21] Y. Kawamata, On effective non-vanishing and base-point-freeness, Asian J. Math. 4 (2000) 173–182.
[22] Y. Miyaoka, The Chern classes and Kodaira dimension of a minimal variety, Adv. Stud. Pure Math. 10 (1987) 449–476.
[23] F. Serrano, Elliptic surfaces with an ample divisor of genus two, Pacific J. Math. 152 (1992) 187–199.
[24] V.V. Shokurov, Theorems on non-vanishing, Math. USSR Izv. 26 (1986) 591–604.
[25] A.J. Sommese, On the adjunction theoretic structure of projective varieties, in: Complex Analysis and Algebraic Geometry (Go¨ttingen, 1985),
in: Lecture Notes in Math., vol. 1194, Springer, Berlin, 1986, pp. 175–213.
